This paper presents expressions for gamma values at rational points with the denominator dividing 24 or 60. These gamma values are expressed in terms of 10 distinct gamma values and rational powers of π and a few real algebraic numbers. Our elementary list of formulas can be conveniently used to evaluate, for example, algebraic Gauss hypergeometric functions by the Gauss identity. Also, algebraic independence of gamma values and their relation to the elliptic K function are briefly discussed.
Introduction
The gamma function [AAR, Chapter 1] satisfies the difference equation
the Euler reflection formula Γ(x) Γ(1 − x) = π sin(πx) ,
and the Gauss multiplication formula
In the last formula, n is a positive integer. Its special case n = 2 is known as Legendre's duplication formula. We refer to these functional equations for the gamma function as the standard equations.
Values of the gamma function at rational points are of broad interest. By historical motivation, Γ(n) = (n − 1)! when n is a positive integer. An easy consequence of the reflection formula is Γ 1 2 = √ π. By using difference equation (1) one can evaluate Γ(x) * Supported by the 21 Century COE Programme "Development of Dynamic Mathematics with High Functionality" of the Ministry of Education, Culture, Sports, Science and Technology of Japan.
for rational x with the denominator 2. No explicit evaluations of other gamma values are known. Some gamma terms (i.e., quotients of products of gamma values) occur as values of hypergeometric functions at special points [AAR] and as period integrals [KZ] , [De] . In particular, this applies to values of the elliptic K-function at so-called elliptic integral singular values [Zu] , [SC] , [Ca] . Conversely, some gamma values at rational points can be expressed in terms of elliptic integrals; see [BZ] , [Wa1] and Section 5 in this paper.
The purpose of this paper is to present explicit relations between gamma values in the set Γ k n k, n ∈ Z; 0 < k n < 1; n divides 24 or 60 .
We show that standard formulas (2)-(3) imply that all these gamma values can be multiplicatively expressed in terms of rational powers of π, rational powers of few algebraic numbers, and the following 10 gamma values:
In Section 2 we present explicit expressions for the gamma values in (4) in these terms. By using difference equation (1) and our list of formulas, one can express any gamma value at a rational point with the denominator dividing 24 or 60 in the same fashion. In Section 3 we indicate an elementary proof of our evaluations, and show that the standard formulas do not imply any relations between the distinguished values in (5). If Lang's conjecture [La] is true, those 10 gamma values and the constant π are algebraically independent over Q.
Relations between gamma values at rational points with small denominators are widely known; see [WR, page GammaFunction.html] for example. Some tricky relations between gamma values from the set (4) are derived in [BZ] , [Ka] and probably by other authors. Of special interest are gamma terms with algebraic values [KO] , [Da] . Our list of relations between gamma values may be useful for many purposes. For example, explicit evaluation of algebraic Gauss hypergeometric functions at x = 1 requires gamma values at rational points with the denominators dividing 24 or 60; see Section 4. Our formula list is precisely enough for this purpose. In Section 5 we present available expressions of gamma values in (5) in terms of the elliptic K-function.
Explicit formulas
Here we present a list of explicit expressions of gamma values in the set (4) in terms of the gamma values in (5). A proof of these relations is indicated in the following Section. A comparable list of expressions for gamma values is available at [Koo] .
To make formulas more compact, we introduce the following constants:
Note that
We express gamma values from (4) in terms of the values in (5) and rational powers of the following constants:
When applying our formulas to gamma terms, it is easy to invert and simplify these algebraic numbers. Some useful expressions with these algebraic numbers are presented in Lemma 3.2 in the next Section. Here is our list of formulas: 
Proof of the formulas
Here we give an elementary proof of all identities in the previous Section. We do not reproduce detailed computations in our proofs; they are quite straightforward though tedious. Lemma 3.2 gives compact expressions for some products of employed algebraic numbers (8). We also show that the standard equations do not imply any relations between gamma values in (5), and discuss briefly algebraic independence of those gamma values. Along the way, we give a set of 16 gamma values which are enough to express any gamma value at a rational point with the denominator dividing 120. First we indicate relevant values of the sine function. To read off the sinus values, one has to compare formulas in Lemma 3.1 with the following form of Euler's identity:
For completeness, recall the well-known values exp Lemma 3.1 With the same notation as in (6), the following formulas hold:
,
Proof. One can deduce the first two formulas by checking the sign of real and imaginary parts on their right-hand sides, and checking the respective equations x 5 ± 1 = 0. Simplification of each exponential expression relates the respective exponent value to earlier concluded exponent values, so it is enough to check those relations with substituted algebraic expressions (and sometimes the sign of the new exponent value).
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Now we present some expressions with employed algebraic numbers. They can be used to simplify evaluated gamma terms and to transform the sinus values in the previous Lemma.
Lemma 3.2 With the same notation as in (6), the following formulas hold:
Formulas with ±, ∓ signs represent two identities, which can be read by taking the upper signs or the lower signs respectively.
Proof. The identities can be proved by direct manipulation. 2
The following Lemma is important for proving independence of the gamma values in (5) with respect to the standard equations. Proof. This is a reformulation of Kubert's theorem in [Ku] . See also [La, Chapter 2] .
2
In the setting of the last Lemma, the set Γ
looks like a natural candidate for Σ 0 . This is a false impression in general. One can check the formulas in Section 2 and notice that for N = 20, 24, 30, 60 gamma values at rational points with the denominator N depend on fewer gamma values of (5) than ϕ(N )/2. In these cases, gamma values in the mentioned set are dependent.
Here we prove our main results. Along the way, we complement the set in (5) to a generating set for gamma values at rational points with the denominator dividing 120. Note that 120 is the lowest common multiple of 24 and 60. (1)- (3) imply that any gamma value with the denominator dividing 120 can be expressed in terms of (5) and the following 6 gamma values: Proof. For x ∈ Q, let R(x) denote reflection formula (2), and let M n (x) denote multiplication formula (3). Consider the following sequence of formulas: 
Our formulas in Section 2 can be used to evaluate widely used instances of the Gauss hypergeometric function most explicitly. In particular, evaluation of algebraic Gauss hypergeometric functions with (13) requires gamma values at rational points with the denominator dividing 24 or 60; see [Sch] , [Ka] , [Vi] . The formulas in Section 2 are precisely sufficient to evaluate algebraic Gauss hypergeometric functions at x = 1. Here are a few examples: More of these evaluations are independently presented in [Ka] . Explicit expressions for algebraic Gauss hypergeometric functions are given in [Vi] .
Gamma values and (hyper)elliptic integrals
As is known [BZ] , some gamma values can be expressed in terms of special values of the elliptic K-function (i.e., complete elliptic integral of the first kind). The advantage of doing this is that numerical values of the elliptic K-function can be very effectively computed using the arithmetic-geometric mean; see [AAR, Section 3.2] and [BB, pg. 137] .
Here we present direct expressions for most of gamma values from (5) in terms of the elliptic K-function. By combining the data in [WR, 
